Abstract: An analytic solution to the mild slope equation is derived for waves propagating over an axisymmetric pit located in an otherwise constant depth region. The water depth inside the pit decreases in proportion to an integer power of radial distance from the pit center. The mild slope equation in cylindrical coordinates is transformed into ordinary differential equations by using the method of separation of variables, and the coefficients of the equation in radial direction are transformed into explicit forms by using the direct is demonstrated by comparison with numerical solutions of the hyperbolic mild slope equations. The analytic solution is also used to examine the effects of the pit geometry and relative depth on wave transformation. Finally, wave attenuation in the region over the pit is discussed.
Introduction
As surface gravity waves propagate from deep to shallow water, they are transformed by refraction, diffraction, shoaling, and reflection until they break and dissipate.
Numerous numerical models have been developed to predict the transformation of waves.
Many of them are based on the mild slope equation, which has been used for various linear water wave problems since first proposed by Berkhoff (1972) . However, since numerical models inherently involve approximations, it is necessary to test these models against analytic solutions and/or laboratory and field experiment data. Experimental data may be preferred since they are the physical systems of interest, but they are expensive and time-consuming to obtain. Also, experimental data always contain a certain amount of measurement errors. An advantage of analytic solutions is that they are generally developed at reduced cost, time, and labor in comparison to experiments. Nonetheless, most wave transformation problems are complex, and analytic solutions are available for only special situations.
A frequently considered problem in analytic studies of wave transformation is the long wave motion around a circular island mounted on an axi-symmetric shoal. Homma (1950) , Vastano and Reid (1967) , Jonsson et al. (1976) , and Zhu and Zhang (1996) studied long waves around a circular island situated on a parabolic or conical shoal. Recently, Yu and Zhang (2003) presented a more general solution by describing the radial topography of the shoal by a power of the radial distance. More recently, Liu et al. (2004) extended the Homma's solution to intermediate depth water waves by using Hunt's (1979) approximate direct solution of the implicit wave dispersion equation to explicitly express the coefficients of the mild slope equation.
On the other hand, Suh et al. (2005) presented an analytic solution for long waves propagating over an axi-symmetric pit where the water depth decreases from the center to the edge in proportion to the second power of the radial distance from the pit center. In the present study, first, the restriction on topography in Suh et al.'s solution is eased by making the water depth inside the pit vary in proportion to any integer power of the radial distance; the first power corresponds to a conical pit and the pit approaches to a cylindrical pit as the power increases. Second, Suh et al.' s solution is extended to deeper waters by using Hunt's (1979) direct solution for the wave dispersion equation as done by Liu et al. (2004) . In the following section, we derive an analytic solution to the mild slope equation for waves propagating over an axi-symmetric pit. The analytic solution is then compared with Suh et al.'s (2005) long wave solution and a numerical solution based on the hyperbolic form of the mild slope equation. We also discuss the effects of the pit geometry on the wave scattering using our analytic solution. Finally, wave attenuation in the region over the pit is discussed, and then we summarize the major conclusions.
Analytic solution
Consider an axi-symmetric pit situated in an otherwise constant depth region as shown in Fig. 1 , where the origin of the horizontal coordinate system is taken to be the center of the pit, r is the radial distance from the origin, and θ is the angle measured counterclockwise from the positive x -axis. The incident wave is assumed to be a longcrested wave propagating in the positive x -direction. The water depths at the origin and in the constant depth region are denoted by 0 h and 1 h , respectively. The water depth in the pit is assumed to decrease from the center to the edge, according to the law,
, where a is the radial distance from the pit center to the imaginary edge of the pit extended to the water surface and the power α is a positive integer.
Denoting the radial distance to the actual edge of the pit as b , the water depth is given by Fig. 2 shows the water depth along the x -axis for various values of α . The pit has a conical shape for 1 = α , and the pit approaches to a cylindrical pit with a vertical side slope as α increases.
The mild slope equation for combined refraction and diffraction is given by
where η is the complex water surface elevation, C is the phase speed, g C is the group velocity, σ is the wave angular frequency, and ∇ is the horizontal gradient operator. In the pit area where To solve the preceding equation analytically, Hunt's (1979) approximate direct solution of the implicit wave dispersion equation is used as follows: possible to analytically judge the convergence of the Frobenius series, which is used later to derive the analytic solution, if the order is greater than or equal to five. It is possible to judge the convergence numerically for higher orders of Hunt's solution using Bairstow's method (see Press et al., 1992, p. 370) , for example. However, the analytic solution becomes much more complicated as the order increases. Therefore, the Hunt's 4th order solution is used in this study. In this case, the relative error in the calculation of the phase speed is less than 1% for all values of ν as shown in Fig. 3 
Substituting Eqs. (6) to (8) 
Using the method of separation of variables, the solution to Eq. (9) can be expressed
where the subscript 1 denotes the inside of the pit, i.e., b r < , and the terms associated with θ n sin have been dropped based on the symmetry condition about the x -axis. The function ) (r R n takes the form of a Frobenius series:
Substituting Eqs. (1) and (10) into Eq. (9) yields a second-order ordinary differential equation for ) (r R n with variable coefficients, which, using Eq. (11), can be expressed as 
Imposing the condition that water surface elevation must be finite at the origin, 2 , n R can be omitted. Substituting Eq. (14) into Eq. (12) and collecting the terms of the same order of r , we obtain the recurrence relations for n m a , , which are given in Appendix B. Finally, the water surface elevation inside the pit can be written as follows:
where n A is a set of complex constants to be determined.
In order to obtain the full solution, we apply the method of matched eigen-expansions.
Accordingly, we divide the fluid domain into two regions in the horizontal plane: the finite region with variable depth ( b r < ) and the semi-infinite far region with constant depth ( b r ≥ ). In the far region, the water surface elevation can be obtained as the sum of the long-crested incident wave propagating in the positive x -direction and the scattered wave satisfying the Sommerfeld radiation condition at infinity. Again imposing the symmetry condition about the x -axis, the water surface elevation in the far region can be written as
where i a is the incident wave amplitude, 1
, n J is the Bessel function of the first kind of order n , ) 1 ( n H is the Hankel function of the first kind of order n , and n D is a set of complex constants to be determined. n ε is the Jacobi symbol defined by
At b r = , the dynamic and kinematic matching conditions require
respectively. Substituting Eqs. (16) and (17) into Eqs. (19) and (20) while noting that } {cos θ n form an orthogonal set, we find
where the prime denotes derivatives. Substituting these coefficients back into Eqs. (16) and (17), we can compute the water surface elevation for the whole domain.
Results and discussions

Convergence of solution
The convergence of the Frobenius series is dependent upon the behavior of the first variable coefficient in Eq. (9) 
where (23) is excluded because it is the expanding point of the Frobenius series in this study. Since δ is positive, the values of r in Eqs. (23), (24), and (26) are all greater than or equal to a . In Eqs. (25) and (27) The analytic solution for η involves an infinite eigenfunction series, but in practice it must be properly truncated. In other words, we must find an integer N that is large enough such that the infinite series in Eqs. (16) and (17) 
is satisfied. This M was then used for the calculation of n R or ' n R in Eqs. (21) and (22). It can be seen that in front of the pit a partial standing wave system develops, while in the lee of the pit a shadow zone exists in which wave heights are reduced. A small peak of diffraction coefficient appears just in front of the rear end of the pit, i.e. at
Comparison with other analytic and numerical solutions
relatively shallow waters, probably due to wave reflection from the rear wall of the pit.
This peak disappears in intermediate depth water as shown in Fig. 6 . As the relative depth increases, both reflection and refraction of waves by the pit decrease so that there is less reduction of wave heights behind the pit. In the lateral direction, the diffraction coefficient shows a depression at the center of the pit in relatively shallow waters, but the depression disappears in intermediate depth water.
Effects of pit geometry
Figs. 7 and 8 show diffraction coefficients along the x -axis and y -axis for the cases of 0 h = 6.4, 9.6, and 12.8 m with a pit radius of radius increases with respect to the maximum depth, the slope within the pit decreases, hence, less wave reflection occurs. However, the effect of the increased refractive scattering of the larger pits is greater; thus, for larger pits there is still a greater reduction of wave heights in the shadow zone. The location of the smallest wave height in the shadow zone is shifted backwards as the radius of the pit increases. In the case of shallow water, the location of the small peak in the pit is also shifted backwards as the pit radius increases, because the real wall of the pit is shifted backwards. As with the pit depth, the lateral variation increases with the radius of the pit. Again as expected, the locations of maxima and minima of the diffraction coefficient are shifted farther from the pit as the radius increases, especially in shallow water. = h k and 1.336. As α increases, the slope within the pit increases, so that the partial standing wave (due to reflection) in front of the pit increases and more energy is also scattered laterally due to refraction; thus, there is more of a reduction of wave heights in the shadow zone. The location of the smallest wave height in the shadow zone is shifted backwards as α increases, but the location of the small peak in the pit remains almost constant in the case of shallow water ( 167 . 0
The lateral variation of the diffraction coefficient also increases with α , showing the locations of its maxima and minima be shifted farther from the pit as α increases. It is noticeable that a new local peak starts to appear near the upwave boundary of the pit (i.e., 
Wave attenuation inside pits
When long waves propagate over a submerged island or shoal, waves are trapped in the region over the island so that the amplitude of each wave mode is amplified at the resonant frequencies (see Longuet-Higgins (1967) and Liu (1986) ). On the other hand, in the case of a parabolic pit ( 2 = α ), Suh et al. (2005) showed that wave attenuation occurred in such a way that the wave amplitude became smaller than the incident amplitude in the region over the pit. Fig. 13 shows the amplitudes of the first wave modes ( 0 = n ) in the region over the pit relative to the incident amplitude as a function of the dimensionless frequency, 0 / gh bσ , for different values of α . The geometry of the pit is the same as that used to produce Fig. 11 . The dimensionless amplitudes are unity for very long waves, decreasing to the dimensionless frequency of about 2 to 2.5, and bouncing to oscillate around 0.75 for larger frequencies. The oscillation is amplified with the power, α . Without showing the results, we mention that the amplitudes of the higher modes being very small for very long waves increase monotonically with the frequency, but they are much smaller than that of the first wave mode. In conclusion, wave attenuation occurs in the region over the pit with greater variation with frequency for larger α .
Conclusion
We derived an analytic solution to the mild slope equation for waves propagating over an axi-symmetric pit located in an otherwise constant depth region. The coefficients of the mild slope equation, which are transcendental functions, were expressed as explicit functions, by using Hunt's (1979) The effects of the pit geometry such as the central depth, radius of the pit, and the shape of the pit were also examined, and the variation in wave scattering for different pit configurations was described. Finally, the wave attenuation in the region of the pit was described.
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